We consider the homoclinic bifurcation of the Lorenz system, where two primary periodic orbits of saddle type bifurcate from a symmetric pair of homoclinic loops. The two secondary equilibria of the Lorenz system remain the only attractors before and after this bifurcation, but a chaotic saddle is created in a tubular neighbourhood of the two homoclinic loops. This invariant hyperbolic set gives rise to preturbulence, which is characterised by the presence of arbitrarily long transients.
Introduction
Our object of study is the Lorenz system [21]   ẋ = σ(y − x), y = x − y − xz, z = xy − βz, (1) which is arguably the best known continuous-time dynamical system that features chaotic dynamics; see, for example, [3, 9, 28] and references therein. We keep the parameters σ and β fixed at their classical values of σ = 10 and β = 8/3, while acts as the bifurcation parameter. The origin 0 of (1) is always an equilibrium; it is stable for < 1 and becomes a saddle point (in a pitchfork bifurcation) at = 1. For > 1 the origin 0 has a onedimensional unstable manifold W u (0) and a two-dimensional stable manifold W s (0); throughout we refer to W s (0) as the Lorenz manifold. There is a considerable difference in magnitude between the two stable real eigenvalues, and we also consider the one-dimensional strong stable manifold W 
of (1). After they are born in the pitchfork bifurcation at = 1, the equilibria p Figure 1 illustrates the homoclinic explosion on the level of the rearrangement of the one-dimensional manifolds involved; note that this type of representation is ) to give an initial idea of the global behaviour; since these curves are not changing qualitatively, one gets the impression that the overall dynamics is not affected much by the homoclinic bifurcation.
Needless to say, Fig. 1 is rather deceiving. The homoclinic bifurcation does not just give rise to a symmetric pair of primary saddle periodic orbits Γ ± . More importantly, for > hom one finds many more saddle periodic and homoclinic orbits in a tubular neighbourhood of the pair of homoclinic orbits. Because it generates all chaotic dynamics in the Lorenz system in this way, the homoclinic bifurcation at = hom is also referred to as a homoclinic explosion point [28] . This statement can be made precise via the reduction of the Lorenz system to the one-dimensional discontinuous Lorenz map [1, 10, 25, 30] . The Lorenz map describes the dynamics of leaves of the strong stable foliation of the local Poincaré return map to the section Σ = {z = − 1} through the two secondary equilibria. The planar section Σ is the standard choice in the literature [9, 28] , because it intersects the attractors of the system (including the Lorenz attractor for = 28); hence, the local return map to Σ gives information about the dynamics and bifurcations on the attractors.
It is an important observation that the chaotic dynamics (including all bifurcating periodic orbits) that are created at the homoclinic explosion point at = hom are initially of saddle type [8, 28] . In other words, the secondary equilibria p ± remain the only attractors, and the question arises whether there is any discernible change at all to the observed dynamics of the Lorenz system after the homoclinic bifurcation. This question has been addressed by Kaplan and Yorke in [16] , who found trajectories that make an arbitrarily large number of switches between rotations around p + and p − , respectively, before eventually converging to one of these two point attractors. Kaplan and Yorke introduced the term preturbulence for this dynamical regime of the Lorenz system -a precursor to the notion of turbulence as introduced in the famous paper [26] by Ruelle and Takens -and they were able to explain it by the existence of a hyperbolic basic set, also refered to as a chaotic saddle. Specifically, Kaplan and Yorke showed in [16] that there exists a full Smale horseshoe (conjugate to the shift on two symbols) in the Poincaré map. The chaotic saddle is its suspension and it follows, in particular, that there are infinitely many periodic orbits of saddle type; see also [9, 13] . Statistical properties of this transient chaos in the preturbulent regime were considered in [31] via a numerical study of the one-dimensional Lorenz map. Kaplan and Yorke found that they "seem to observe this entire structure [of a chaotic saddle] persisting and growing until r [ in our notation] reaches the next critical value, r 1 ≈ 24.06" [16, p. 107] . At this value, = het ≈ 24.0579, the preturbulent regime ends and a chaotic attractor is created at a codimensionone heteroclinic bifurcation, where one finds a symmetric pair of heteroclinic connections from 0 to Γ ± ; for > het the unstable manifold W u (0) cannot 'reach' p ± any longer and instead accumulates on a chaotic attractor. The chaotic attractor initially coexists with the stable equilibria until p ± become saddles in the subcritical Hopf bifurcation at = H . For further details on the sequence of global bifurcations that one encounters for increasing see [7] and references therein.
The question we concentrate on in this paper is how the overall organisation of the entire three-dimensional phase space of the Lorenz system (1) changes in the transition through the homoclinic explosion point at = hom . More specifically, we consider the topological properties of relevant twodimensional global invariant manifolds before and after the homoclinic bifurcation at = hom . A central object of study is the two-dimensional Lorenz manifold W s (0), which is (at least locally near 0) a separatrix between the basins of attraction of the two stable equilibria p ± . The global structure of this manifold as a basin boundary between the two attracting equilibria has actually been studied already by Jackson in the 1980s in two papers [14, 15] , which appear to have escaped the attention of the dynamical systems community. (We only discovered these papers during the writing-up of this paper, and quite by accident.) In [14] [24] (reproduced in [7] ). Jackson observes that it follows from Kaplan and Yorke's work in [16] that the saddle periodic orbits, which are part of the chaotic saddle, and their stable manifolds must lie in the α-limit set of W s (0). He speaks of W s (0) as "convoluted" for this reason, and presents a number of sketches of how this two-dimensional manifold returns to a vicinity of the origin. In particular, he determines, by means of careful numerical simulations, the symbolic dynamics (of a shift on two symbols) of the intersection points of W s (0) with the diagonal x = y in the standard Poincaré section Σ = {z = − 1}. Jackson observes that the boundary between the two basins also contains the stable manifolds of saddle periodic orbits, but does not attempt to find them; rather, he states: "No way has yet been found to represent this highly convoluted set of surfaces" [15, p. 32] .
In this paper we show how the Lorenz manifold W , organise the overall phase space of the Lorenz system before and after the homoclinic bifurcation at = hom . To this end, we do not consider intersections of these manifolds with planar sections, but rather their intersection curves with a sufficiently large sphere, denoted S R , that encloses the attracting equilibria p ± as well as the entire one-dimensional unstable manifold W u (0). The advantage is that the sphere S R is compact, which allows us to study in a convenient way how the basins of attraction B(p ± ) of p ± change at = hom ; in particular, the locations in phase space where long transients occur due to the intermingling of the two basins are determined in this way. Moreover, we are able to give a topological characterisation of the sets of intersection curves of the two-dimensional manifolds W ) can be computed directly as well. The key idea behind these computations is to continue a suitable family of orbit segments as solutions of well-posed two-point boundary value problems, for example, with the package AUTO [6] . We briefly discuss the numerical methods we use in A and refer to [18, 19, 20] for further details.
The paper is organised as follows. In the next section we give a brief overview of the invariant objects that are important in this study; here, we also specify the sphere S R and the stereographic projection used to represent the information on it. Section 3 discusses the situation before the homoclinic explosion for the representative case of = 10.0; we use this case also to illustrate how to interpret the role of the invariant manifolds through their intersections with S R . Section 4 explains how the Lorenz manifold changes during the homoclinic explosion. The characterisation of the basins B(p
and their boundary in the preturbulent regime can be found in Sec. 5. The final Sec. 6 summarises our results and points to future work. A brief discussion of the numerical methods used for the computations is presented in A.
Background and setup
The observations from Fig. 1 are useful, but they are limited to changes of one-dimensional manifolds. In particular, it not clear from the determination of the one-dimensional manifolds how the emergence of a chaotic saddle S in the homoclinic explosion at = hom influences the overall dynamics of the Lorenz system. In fact, to see how and where transient chaos arises in the three-dimensional phase space one needs to consider the associated twodimensional manifolds and, in particular, the Lorenz manifold W s (0). An observation that follows from general theory is the following: for < hom the stable manifold W 
Studying the Lorenz manifold and associated basins of attraction on a sufficiently large sphere S R has a number of advantages compared to studying these objects in the Poincaré section usually considered in the literature [9, 28] , which is the section Σ = {z = − 1} through the two secondary equilibria. As mentioned, the sphere S R is compact so that the intersections of stable manifolds and basins with S R are bounded sets. Furthermore, these sets do not change qualitatively when the radius R is increased (provided it is large enough as defined above). Hence, in the spirit of bifurcation theory, all information on the global dynamics of the three-dimensional Lorenz system can be represented by a single compact image on the suitably-chosen sphere S R .
For definiteness, we choose the centre of S R as the point (0, 0, − 1), which is the origin of the usual Poincaré section Σ ; we refer to the circle S R ∩ Σ as the equator of S R . Then the north and south poles of S R are the intersections with the positive and negative z-axis, respectively, which are both points in W s (0). We define R = R( ) in the following convenient way, which is based on the properties of the strong stable manifolds W 
do not change qualitatively throughout the homoclinic bifurcation at = hom ; they spiral around the line {y = 0; z = − 1}, which is the x-axis in the plane Σ . We define the radius R = R( ) such that the sphere S R goes through the second intersection point of the right branch of W ss (p + ) (the inner spiralling curve in Fig. 1 with the corresponding smallest amplitude of oscillation in z) with Σ . Thisdependent choice of R ensures that S R is sufficiently large for any value of we consider. Furthermore, it is convenient because in all images the two inner branches of W ss (p ± ) will be represented by points on the equator of S R .
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The surface of S R can conveniently be represented by means of stereographic projection; to this end, we project along the positive x-axis by the transformation
for (x, y, z) ∈ S R , that is, satisfying
. Due to the symmetry (2) it suffices to show only the half-sphere with x ≥ 0, which maps onto the unit disk under (3). Hence, we can conveniently represent the entire information on S R as a single image inside the unit circle; see Sec. 3 for detailed illustrations of this stereographic projection. Fig. 2(d) . reveals its intersection with S R . However, if one is interested chiefly in the set W s (0) then it is numerically advantageous to compute it with a boundary value setup directly as (a set of) one-dimensional curves [2, 19] ; see A for more information on how this can be achieved. 
. Figure 4(b) shows the stereographic projection of S R by (3) onto the (y, z)-plane along the direction of decreasing x. This representation allows one to check the properties above, but it is not very convenient due to considerable distortion. To deal with this issue, we present in Fig. 4(c) the stereographic projections onto the unit disk of the two hemispheres of S R for x ≥ 0 and for x ≤ 0. Notice that the two projections can be stitched together along the unit circle to recreate the entire information on the sphere S R . What is more, due to the symmetry (2) of the Lorenz system, the hemisphere for x ≤ 0 is identical to that for x ≥ 0 modulo an exchange of the basins B(p + ) and B(p − ). In other words, we can represent the dynamics of the Lorenz system in the wider phase space by a single, planar image of the organisation of manifolds and basins inside the unit disk. From now on, we illustrate the overall dynamics of the Lorenz system (1) by showing only the part of the stereographic projection of the intersections of the manifolds with S R that corresponds to the hemisphere x ≥ 0, that is, the left unit disk in Fig. 4(c) .
Let us briefly discuss in more detail the influence of the radius R of the chosen sphere S R . When R is increased, the set W 
0) on the sphere S R changes when the parameter is increased through hom . Panel (a) shows the situation for = 10.0, which is representative for 1 < < hom ; as we discussed, the set W s (0) is a simple closed curve of finite arclength. At the moment of homoclinic bifurcation at = hom , which is illustrated in Fig. 5(b) for the sufficiently close value of = 13.9, the stable manifold W s (0) returns back to itself exactly at the strong stable manifold W ss (0). As a result, W s (0) still has finite arclength but is no longer a simple closed curve; it can be thought 
Characterisation of preturbulence in phase space
It is an important realisation that for hom < < het the boundary of the two basins B(p with arbitrarily thin strips of these basins in certain regions of phase space. An initial condition in any such strip ends up at the respective attractor only after a number of loops around p
The number of these loops depends on the width of the strip, which reflects 'how deep' the strip is located in the Cantor structure; see also [15] . We remark that this view of the manifestation of preturbulence in the phase space of the Lorenz system is in agreement with the findings in [16, 31] ; in particular, it gives a geometric interpretation of the statistical properties found in [31] for the one-dimensional Lorenz map for > hom .
We now return to the question of the topological nature of the basins B(p ± ) and the sets W s (0) and
in their boundary for hom < < het . Figure 6 shows that the set W Γ ± has a different topology from W s (0). More specifically, the (local) intersection of W Γ ± with any transverse line are the countably many points of a Cantor set that bound the open intervals in its complement; see Fig. 6(d) and the discussion above. This Cantor set is the diffeomorphic image of the corresponding part of the invariant set of the one-dimensional Lorenz map, which is obtained by projecting the return map in the planar section Σ along its strong stable manifolds. In particular, it follows that the union W Γ ± , as well as the two constituent sets W 
, but this is a considerable computational challenge (especially for larger periods of the periodic orbit) beyond the scope of this paper. The set W s (S) is closed and bounded and hence, a continuum. More specifically, it is locally a Cantor bundle [11, 12] . We conclude from the properties of the dense subset W Γ ± that W s (S) is an indecomposable continuum on S R . Indecomposable continua in the plane have been found in a variety of dynamical contexts; see, for example, [4, 27] and the survey paper [17] for further details. In particular, indecomposable continua occur naturally as the closure of stable or unstable manifolds of planar diffeomorphisms such as the Smale horeseshoe map, the Hénon map and the Ikeda map.
Overall we conclude from the numerical evidence presented here that the set W Γ ± , which consists of two topological circles and infinitely many arcs, is the accessible subset of the indecomposable continuum W 
Conclusions
The transition through the homoclinic explosion point of the Lorenz system results in a dramatic change of the topological structure of the basins of the two attracting equilibria, which remain the only attractors before and after this bifurcation. This was studied here by means of computing the intersection sets of the Lorenz manifold W In particular, our computations revealed the bifurcating Cantor structure of invariant manifolds and basins, which explains where in phase space long transients -the characterising feature of preturbulence -can be found. Our study was performed by changing the parameter of the Lorenz system, while keeping σ and β fixed at their classical values. However, the change in topology of the associated global invariant manifolds is generic and will, hence, be found for any transverse path in parameter space that crosses the codimension-one surface of this homoclinic bifurcation. We can summarise our findings as follows. These results have been obtained with state-of-the-art efficient and highly accurate numerical computations of two-dimensional invariant manifolds and their intersections with a chosen codimension-one submanifold in phase space. We would argue that these numerical methods, which are based on the continuation of orbit segments defined via suitable two-point boundary problems, have reached a level of maturity that allows for detailed mathematical observations. Indeed, other global bifurcations can be studied in a similar spirit, and the study of the role of two-dimensional global invariant manifolds in such bifurcations is the subject of our ongoing research. First of all, we are studying more global bifurcations in the Lorenz system itself. The transition to chaotic attractors at het , where one finds a pair of heteroclinic connections from the origin to the primary secondary orbits, will be discussed elsewhere; furthermore, there are (infinitely many) more secondary homoclinic bifurcations in the Lorenz system; see [7, 28] . Secondly, we are considering the role of global invariant manifolds in textbook homoclinic bifurcations of equilibria in three-dimensional vector fields; different cases are distinguished by whether the (stable) eigenvalues are real or complex, and whether the stable manifolds at the moment of homoclinic bifurcation is orientable or not.
Global invariant manifolds in the transition to preturbulence

A Computation of global invariant manifolds
Stable and unstable manifolds of equilibria and periodic orbits of a given vector field are global objects that need to be found with numerical techniques. One-dimensional stable and unstable manifolds, such as those shown in Fig. 1 , can be computed simply by integrating from initial conditions in the respective linear eigenspace and close to the equilibrium. However, higher-dimensional global invariant manifolds, such as the two-dimensional manifolds presented here, cannot be found reliably simply by integration from a set of initial conditions. This is why the development of more advanced numerical methods for the computation of global invariant manifolds has been an active area of research; see, for example, the survey papers [19, 20] .
In this paper we make use of two complementary numerical methods: the computation of W s (0) as a two-dimensional surface with the geodesic level set growth method from Ref. [18] , and the computation of one-dimensional curves in the intersection sets W s (0) and W s (Γ ± ) on the sphere S R [5, 20] . Both methods use the technique of continuation of a suitable family of orbit segments, which are found as solutions of an associated two-point boundary value problem (BVP) with the package AUTO [6] .
To compute W s (0) as a two-dimensional manifold we view it as a oneparameter family of level sets (which are smooth closed curves) of the geodesic distance to the origin. A discrete and uniform mesh is obtained by computing step-by-step a new geodesic level set at a suitable distance from the previous one, according to accuracy criteria that take into account the curvature along geodesics. The first geodesic level set is a circle in the linear stable eigenplane E s (0) with centre 0 and a (small) radius δ; it is represented as a piecewise linear curve through a finite number of equally-spaced mesh points. At each step, the method finds a new point at distance ∆ for every point on the previous geodesic level set; this is achieved for each point by solving a BVP that defines orbit segments that start in a plane through the point under consideration and end on the previous geodesic level set. Extra points are added where needed, but in such a way that the total interpolation error is controlled. At the end of each step a new band of the manifold is constructed as a triangulation between the previous and the presently computed geodesic level set; more details and a proof of convergence can be found in [18] . Once the Lorenz manifold W s (0) has been computed with this method, it can be visualised in different ways as a two-dimensional surface. In particular, a post-processing step allows us to clip off the part of W Intersection curves of a two-dimensional global invariant manifold with a chosen codimension-one submanifold in phase space can be computed directly and very accurately with a BVP setup. Here we briefly discuss only how to compute the manifolds under consideration; see [2, 19] for more details of this general approach. Any point in W s (0) is the begin point of a trajectory that starts on S R and ends at the origin 0. Such a trajectory can be approximated efficiently by an orbit segment (with finite integration time) with begin point on S R and end point on a small ellipse in E s (0) around 0; as such, it is the solution of a well-posed BVP. Hence, one obtains a one-parameter family of orbit segments by allowing the angular variable of the ellipse to vary, so that the begin point traces out the sought curve on S R . The family of orbit segments is computed with the package AUTO [6] . More specifically, AUTO uses pseudo-arclength continuation, in combination with Gauss collocation to represent orbit segments as piecewise-polynomials over a pre-specified number of mesh intervals; see [5] ) are much more complicated: every accurate representation consists of many individual curves segments on S R . Since it is impractical to start many hundred individual computations of curves, we take the following approach. We still perform a single continuation where the angular variable of the ellipse changes over 2π. However, we must now allow the end point of the orbit segment to leave the sphere S R when the integration time of the orbit segments becomes too large. This can be achieved by requiring that
Here r is the distance of the begin point of the orbit segment from the centre of S R and T is the associated (positive) integration time to the end point near 0; the fixed constant T max is a preset maximum integration time during the computation and ε is chosen small (10 −3 in our computations). Hence, (4) describes a hyperbola that switches fast but smoothly between the two competing conditions that r ≈ R and that T ≈ T max . Hence, when T is well below T max then the begin point of the orbit segment lies on S R to very good accuracy. On the other hand, when T ≈ T max then the product (4) being kept constant at ε means that r decreases. In this way, the begin point may pass through the interior of S R during the computation, until again T < T max and the begin point reaches S R again (meaning that r ≈ R). A post-processing step removes the curve segments in the interior of S R to isolate the several hundred individual curve segments that constitute the approximations of W 
, respectively. The larger T max is chosen the more curve segments are generated in this way; in fact, the number of curves appears to grow exponentially with T max .
Note that computing the (hundreds of) curve segments presented in this paper required considerable continuation runs that produced several gigabytes of data. We remark that such computations of solution families of BVPs are highly accurate indeed [5, 19] . This is evidenced, in particular, by Fig. 6(d) : the three sets of many hundreds of curve segments shown in this figure align perfectly without intersecting each other, in spite of the fact that they were computed in separate continuation runs.
